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Direct Numerical Simulation of Acoustic/Shear Flow
Interactions in Two-Dimensional Ducts

Siming Mu* and Shankar Mahalingam’
University of Colorado, Boulder, Colorado 80309-0427

The interaction between an imposed monochromatic, time-dependent acoustic disturbance and a steady mean
shear flow in a two-dimensional duct is studied using direct numerical simulation, Unlike previously reported
numerical results, the long-time acoustic response is captured through implementation of accurate nonreflecting
boundary conditions. Below a certain cutoff frequency, the acoustic field is a nearly planar traveling wave prop-
agating axially along the duct. Above this cutoff frequency, obligue waves are generated due to both acoustic
refraction and cross-stream dependent source oscillation, leading to an alternating pattern of higher acoustic pres-
sures at the wall and the centerline, downstream of the disturbance source. At resonant conditions, the growth of
the oblique wave, which is nearly transverse, dominates the axial wave, leading to a phase change of 180 deg after
their interaction. The thickness of the acoustic boundary layer and its response to imposed disturbances are also
in good agreement with theory. These results are consistent with previously published theoretical predictions and

represent their first numerical verification.

Nomenclature
s = reference speed of sound, also reference velocity
C, = constant pressure specific heat, temperature independent
e = internal energy per unit volume

h = duct half-width

i, j,k = coordinate directions in Cartesian tensor notation

L = computational length of duct

M = mean flow Mach number

Pr = Prandt]l number

p = pressure

q; = heat flux vector component in the jth direction

Re = acoustic Reynolds number in the calculation

Re, = duct Reynolds number

T = temperature

t = time variable

Uy = velocity component in the kth coordinate direction

i = axial acoustic velocity disturbance

v = velocity component in the y coordinate direction

X,y = spatial variables along the x and y coordinate directions

x; = independent spatial variable along the jth coordinate
direction

o = computational duct aspect ratio

y = constant specific heat ratio

8 = acoustic boundary-layer thickness

€ = small parameter used in perturbation analysis

K = viscosity power law exponent

" = coefficient of dynamic viscosity

v = coefficient of kinematic viscosity

T = stress tensor

Q = dimensionless frequency of imposed oscillation

Subscripts

o0 = reference quantity, chosen at stagnant conditions

s = undisturbed steady state

Superscripts

= acoustic disturbance

! = dimensional quantity
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Introduction

HE interaction of an acoustic wave disturbance with a shear

flow provides a mechanism for transfer of energy between the
mean and various modes of the acoustic flow. This problem is sig-
nificant as it provides a vital link in the chain of events that could
lead to combustion-driven acoustic instability in solid rocket mo-
tors. However, in practical motors, the various mechanisms that
contribute to amplification and damping of acoustic energy are inti-
mately related to the acoustic mode and the type of propellant lining
the motor surface.! This makes it difficult to isolate physical mech-
anisms associated with individual processes when the full problem
is investigated. Thus, the focus of this paper is on the mechanism
of energy exchange between the mean and various modes of the
acoustic flow in a sufficiently simplified flow situation for which
theoretical results are available. This problem is investigated via
direct numerical simulation (DNS) of the interaction between an
imposed acoustic velocity disturbance in an otherwise steady shear
flow established in a two-dimensional duct. In DNS, the complete
time-dependent system of equations is solved without any explicit
modeling, such as turbulence modeling. This procedure has been
successfully applied to a variety of incompressible, compressible,
and reacting flows.?

Much of past analytical work has focused on obtaining quasi-
steady solutions to a linearized wave equation describing acoustic
wave propagation in a fully developed duct flow.®> Using this as
a basis, both downstream propagating® and upstream propagating
acoustic waves*> have been investigated. Results suggest that, in
the former case, the acoustic pressure at the wall is larger than that
at the centerline; the reverse is true in the latter case. Since this
method presumes the form of the solution, it cannot predict the evo-
lution from an initial disturbance to the quasisteady form. Baum and
Levine® and, subsequently, Wang and Kassoy’ proceeded to rectify
this shortcoming by investigating an initial boundary value prob-
lem, albeit using entirely different approaches. Baum and Levine
solved the compressible Navier—Stokes equations numerically for a
Reynolds number, based on centerline velocity and duct width, of
approximately 10°. A turbulence model was included in their calcu-
lations. A disturbance was introduced at a certain cross section, and
its evolution was tracked. They found that acoustic refraction ef-
fects increased with the frequency of the imposed disturbance. The
relationship between the wall and centerline acoustic pressure for
upstream and downstream propagation of acoustic waves, in a qual-
itative sense, was consistent with that predicted by the quasisteady
theory.*> At the outflow boundary, they had difficulty in prescribing
nonreflecting conditions, and hence they terminated their computa-
tions when the imposed wave reached the downstream boundary of
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their computational domain. Thus the long-time transient solution,
which has since been demonstrated to be extremely important,” was
not available in their work. This may also be the reason why they
did not observe oblique waves and resonant mode oscillations. Us-
ing a rational perturbation procedure, Wang and Kassoy’ solved an
initial boundary value problem to describe acoustic processes in a
two-dimensional shear flow in a duct for small mean flow Mach
number and large Reynolds number. Their results indicate that, as
a result of leading order axial wave refraction by the shear flow,
oblique propagating waves develop. This refraction effect increases
with the driving frequency of the imposed acoustic disturbance and
the mean flow Mach number. The oblique waves evolve into purely
amplifying transverse waves at frequencies corresponding to reso-
nance. The initial boundary value approach just discussed differs
from what may be terrmed a normal mode analysis that is often ap-
plied to problems involving combustion-driven acoustic instability
in solid rocket motors®~!% and pulsed combustors.!! In the traditional
approach,®~!® the amplitudes of either the classical acoustic modes
or modes suitably modified to account for processes that influence
the basic acoustic modes are described via an infinite system of
coupled ordinary differential equations. The idea is then to obtain
conditions that could lead to growth or amplification of different
modes and also to predict conditions that could lead to limit-cycle-
type behavior.

The objective in the present paper is to verify the existence of and
to understand the role of oblique waves generated through acoustic
refraction when a monochromatic, acoustic velocity disturbance in-
troduced at a fixed duct location is allowed to interact with a steady
shear flow in a two-dimensional duct. In particular, we seek to val-
idate the analytical results obtained by Wang and Kassoy’ and to
use their predictions to examine and interpret the complex acoustic
structure that is obtained. The approach adopted is an accurate so-
lution to the compressible Navier—Stokes equations through DNS
of the problem.

Problem Formulation

The full compressible two-dimensional Navier-Stokes equations
are solved as an initial value problem using a code originally devel-
oped by Baum and Poinsot'? for reacting flows and adapted for the
present research. The computational domain and coordinate system
are represented in Fig. 1. The equations are rendered dimensionless
using the duct length L, speed of sound at stagnant conditions d,
the corresponding density pw, and the dynamic pressure pyaZ,.
The reference temperature is (¥ — 1)T. The reference viscosity
used is o = i (Tn). The reference time is thus the acoustic time
L/a.,. The dimensionless parameters governing the problem are the
Reynolds number defined as

_ PoolooL
Hoo

Re 49

and the Prandtl number Pr = 15cC),/Aoo, Where o = A (T). Note
that the duct aspect ratio defined as

o= L/2h )

althongh not a parameter, appears in the analysis since the compu-
tational domain is finite. By applying nonreflecting boundary con-
ditions as discussed in the next section, the flowfield in a duct of
infinite length is effectively simulated. Henceforth all quantities are
dimensionless. Dimensional quantities where appropriate are indi-
cated by a prime. The dimensionless form of the governing equations
written in Cartesian tensor notation appears next.
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L

Fig.1 Schematic representation of model problem. The mean flow is
along the x’ axis. Acoustic perturbations are imposed at x’ = 0. Nonre-
flecting boundary conditions are imposed at x’ = L.
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The stress tensor 7;; and the heat flux vector g; are taken for a
Newtonian fluid with the Fourier model for heat conduction as
follows:

= ax]' ax,- 3 Y Bxk ’ &=

ax,-
The dynamic viscosity u is dependent on temperature such that y ~
T*, where the exponent « is a constant. The thermal conductivity
A is related to the dynamic viscosity through the constant Prandtl
number. The equation of state is

y—1
p=pTl 1 @®
Y

Numerical Method and Boundary Treatment

A compact sixth-order accurate finite difference scheme devel-
oped by Lele®? is used to approximate the first and second deriva-
tives in the governing equations. The order of accuracy is fourth
and third, respectively, at points adjacent to and on the boundary
of the computational domain. This scheme requires solution of a
tridiagonal matrix to compute the derivatives. The advantage of the
compact scheme over more familiar finite difference schemes is that
it provides spectral-like resolution of both the amplitude and phase
of the solution, thereby enabling the scheme to accurately capture
acoustic wave behavior. A complete analysis of this scheme includ-
ing a comparison of dispersion errors with traditional finite differ-
ence schemes is presented by Lele.'? A third-order explicit Runge—
Kutta scheme is adopted for time advancement of the semidiscrete
equations.

One critical requirement for capturing the wave characteris-
tics of the acoustic field is accurate treatment of boundary con-
ditions. In the present paper, a systematic boundary treatment
method, namely, Navier—Stokes characteristic boundary condition
(NSCBC), is utilized.'* Based on the idea of characteristics for Euler
equations,’”> the NSCBC assumes that the waves propagated by
Navier-Stokes equations are associated with only the hyperbolic
part of the equation.!* Thus the first derivative normal to a bound-
ary appearing in the convective term of the Navier-Stokes equations
may be rewritten in terms of the amplitude variations of the char-
acteristic waves represented by Navier—Stokes equations. For those
characteristic waves propagating out of the domain, the values of
their amplitude variation are completely defined by data from within
the computational domain through use of one-sided approximations.
Numerical stability is achieved since this amounts to upwind differ-
encing. For those waves propagating into the computational domain,
boundary conditions are needed to specify the values of their ampli-
tude variations. There is no exact method to compute the amplitude
variations of these incoming waves. A set of locally one-dimensional
inviscid (LODI) equations are used to infer the values of the incom-
ing amplitude variations from the boundary conditions. Derivatives
parallel to the boundary pose no problems and are treated exactly as
in the interior. The treatment of viscous conditions is based on the
method suggested in Ref. 14, These terms go to zero as the viscosity
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goes to zero. Fora detailed discussion of the NSCBC procedure, the
paper by Poinsot and Lele'* may be consulted.

In this paper the flow considered is subsonic with a mean flow
Mach number M ~ 0.08. Unless otherwise noted, « = 5, Re =
2 % 10*, and Pr = 1. Thus the Reynolds number based on the mean
flow velocity and duct width Re, = M Re/a = 320.

Reflecting boundary conditions are used at the inlet. The trans-
verse velocity component v is set to zero; the axial velocity profile
u = u(0, y, t), such that » (0, —i, t) = u(, +%, t) = 0, is pre-
scribed; and a constant inlet temperature, T (0, y, t) = 1/(y — 1) is
prescribed. At the lateral boundary, no-slip velocity and isothermal
conditions are prescribed. At the outflow, nonreflecting boundary
conditions based on the method developed in Ref. 14 are imposed.
This allows acoustic waves to propagate out of the domain with
little or no reflections and thus enables us to carry out long-time
stable computations. A steady flow is established by initializing the
domain with stagnant flow and raising the pressuic at the inlet by
5% of the initial uniform pressure, p = 1. This steady-state flow-
field is used as initial conditions for several transient problems in
which a time-dependent perturbation is imposed on the incoming
streamwise velocity.

Results and Discussion
Code Validation
Several test problems were simulated to verify that the code and
boundary condition treatment are satisfactory. Both nonreflecting
and reflecting boundary conditions were examined.!® To test the
NSCBC procedure, a very viscous test problem** was simulated.
The inlet conditions imposed are
u(0,y,1) =up cos?(rya),

v(0,y,t) =0, TO,y,t)y=Ty

®

where ug and Ty are constants. Nonreflecting conditions are im-
posed at the outlet. The Reynolds number Re = 2 x 10 and a
uniform 41 x 41 mesh was used. Steady-state contour plots of u/u,
100(p — Pos)/ Poo» and 100(T — To)/ T are virtually identical to
past numerical'* and analytical results,** thereby validating the code
and boundary conditions. For the sake of brevity, in Fig. 2, only con-
tour plots of temperature are presented. Transient results presented
in the remainder of this section were obtained on a uniform 81 x 81
mesh. Grid independence was verified by repeating the calculations
on a 161 x 161 grid. All calculations were performed on a Cray
C-90 at the San Diego Supercomputing Center.

Nature of Imposed Disturbance

A transient acoustic field is generated by imposing a single fre-
quency disturbance on the inlet axial velocity. No slip at the lat-
eral walls demands that the amplitude of the disturbance be zero at
y=x=% i Although the analysis in Ref. 7 is quite general, the results
the authors present are for constant amplitude and linear variation of
amplitude, and thus our results can only be qualitatively related to
their theoretical results. The axial velocity disturbance #(y, t) was
chosen to have the following mathematical form:

u(y,t) = AU (y)sin [om (y + %;):I sin Q¢ (10)

where Q is defined through Q = Q'L/a,,, and U(y) is the ini-
tial, steady axial velocity at the inlet. The quantity A is a constant

0.10 =
“9.41x10
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Fig.2 Equally spaced contour lines of 100(7 — Toc)/ T at £ =25 and
Re=2 x 103,

that controls the magnitude of the disturbance. The disturbance is
introduced by specifying an axial inlet velocity profile of the form

u(©,y, ) =U(y) +ei(y. 1) an

The quantity ¢ is the small parameter introduced in Ref. 7. By per-
forming a fast Fourier transform (FFT) in y on the discrete version
of Eq. (10), it is found that the primary transverse mode components
are the zeroth and first modes, with higher mode amplitudes being
less than 2% of these. Thus it is reasonable to expect that the simu-
lation results will compare well with Ref. 7, at least qualitatively.

Theory’ for y-independent amplitude function suggests that for
Q < anm,n =1,2,3,..., only axial waves would exist. When
Q > anm, refraction-induced oblique waves begin to appear. In the
present simulation o = 5, and since the mean flow is symmetric
with respect to the duct center plane, only even values of » are rele-
vant. This leads to the first cutoff frequency of 107 (corresponding
to n = 2) above which oblique waves are expected to be gener-
ated. The leading order solution is uninfluenced by the mean flow
except through a bulk convection effect. Through an examination
of the second-order acoustic solution Wang and Kassoy” predicted
that Q = ansr corresponds to resonant conditions. Classical quasi-
steady theory’ cannot describe resonant oscillations, and previous
numerical simulations were unable to capture this phenomenon due
to difficulties in implementing outflow boundary conditions.® The
numerical solutions were curtailed when the disturbance reached
the outflow boundary, and hence the long-time behavior, required
to observe resonant effects, was not studied.®” In the present work,
several frequencies were examined. In the following subsections,
results are presented for different values of €2 that were chosen
to represent typical characteristics of different frequency regimes.
Since the no-slip wall condition in the simulations demands that the
perturbation amplitude be y dependent, it is important to recognize
that higher modes (nonplanar) are expected to be generated directly
by the source, in addition to refraction of the planar component.7
Using the decomposition in Ref. 7, the total acoustic pressure p and
axial acoustic velocity # were obtained as

p=/yMe)[p(x,y.1) — ps(x, y)]

. (12)
a={(1/e)[ulx,y,1) —us(x, y)
where p, and u, are the undisturbed steady pressure and axial ve-
locity, respectively. In all cases, computations were carried out up
to four acoustic time units, with € = 0.1.

Acoustic Pressure Field for @ =10

The frequency 2 = 10 is below the first cutoff frequency of
107 . Figure 3 represents the total acoustic pressure time history at
x = 0.6. For convenience, the time scale used by Wang and Kassoy’

fy = 1S (13)

Time scale used by Wang and Kassoy
o 10 20 30

Y T T

[o]

4
]
4
4

Total acoustic pressure

Acoustic time

Fig.3 Acoustic pressure time history at x = 0.6: at wall (solid line) and
center (dashed line); {2 = 10, mesh = 81 x 81, and Re =2 x 10%
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Fig. 4 Amplitudes of a) zeroth and b) first transversal spatial mode
component of acoustic pressure for (2 = 10, mesh = 81 x 81, and Re =
2 x 104
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Fig.5 Acoustic pressure time history atx = 0.15—center (dashed) and
wall (solid)—for {2 = 40 and Re =2 X 10%,

where t' is the dimensional time is also shown in Fig. 3. The am-
plitude of acoustic pressure at the centerline is slightly smaller
than that at the wall (also true at other x locations) due to refrac-
tion of the downstream propagating acoustic wave. An examination
of acoustic pressure contours suggests that sufficiently far down-
stream from the inlet the waves are nearly planar. Thus no oblique
waves appear for the conditions of the simulation. This result is in
qualitative agreement with analytical prediction.” An FFT analysis
of the acoustic pressure with respect to y at various axial loca-
tions and times (see Fig. 4) shows a dramatic decay in amplitudes
of the first transversal spatial component, whereas very little de-
cay in amplitudes is seen for the zeroth component. Since the lat-
ter corresponds to the planar part of the disturbance, this result is
consistent with the earlier remark that, at locations sufficiently far
downstream from the disturbance source, only the planar component
survives.

Acoustic Pressure Field for O = 40

The forcing frequency € = 40 is just above the first cutoff
frequency. The acoustic pressure time history at fixed locations
is presented in Fig. 5. A comparison of Fig. 5 with Fig. 3 re-
veals several interesting features. At early times, after the first
arrival of the waves, an increase in amplitude can be observed.
Then the amplitudes themselves begin to oscillate, although at a
much reduced frequency. Recall from Ref. 7 that a plane wave

Amplitude

a)

Amplitude

i ,"Juthig{ |
W

%}":l.\'l\\
"

b)

Fig. 6 Amplitudes of a) zeroth and b) first transversal spatial mode
component of acoustic pressure for 2 = 40 and Re =2 X 104

(zeroth transversal spatial mode) with its frequency above the cut-
off frequency generates oblique waves as it travels downstream.
In the present work, the acoustic source is nonplanar due to the
y-dependent amplitude function, and thus oblique waves are ex-
pected to be excited, in addition to refraction of the axial mode
giving rise to oblique waves. The result of these two processes is a
variation in amplitudes of acoustic pressure as depicted in Fig. 5.
Further it is evident from Fig. 5 that the pressure amplitude for
Q = 40 is greatly enhanced compared with that for 2 = 10 (see
Fig. 3). This enhancement arises from the increased amplitudes
of the first transversal spatial mode as can be seen from Figs. 6a
and 6b. From these plots it is apparent that the amplitudes of the
first transversal spatial mode grow to values having the same or-
der as those of the zeroth mode, whereas the amplitudes of the
zeroth mode vary very little compared with those for @ = 10.

Acoustic Pressure Field for 2 =107

The angular frequency Q2 = 107 corresponds to the second res-
onant mode. Figure 7 depicts the acoustic pressure time history at
the wall and centerline at different axial locations. The general fea-
ture of resonant oscillation is displayed at locations (1c) and (1w)
(here w and ¢ denote wall and centerline, respectively), where the
acoustic pressure amplitudes increase consistently with time. How-
ever, axial stations 2 and 3 display slightly different features. One
can see that at some axial locations (stations 2w, 3w, and 4c) the
signal initially decreases and subsequently increases. This behav-
ior is very similar to that reported by Wang and Kassoy.” Although
Wang and Kassoy’ focus their discussion on second-order acous-
tic pressure, their qualitative description is also valid for the total
acoustic pressure because the first-order acoustic pressure is just a
plane sine wave propagating axially, for y-independent source am-
plitude. The acoustic pressure amplitude at different axial stations
increases with time after sufficient time elapses. However, the ampli-
tude of acoustic pressure may initially decrease with time “owing
to destructive interference.”” Previous numerical investigation by
Baum and Levine® was limited to very short time solution due to
difficulties alluded to earlier. Both the present numerical and pre-
vious analytical results show that an examination of the short-time
solution is insufficient to conclude whether resonant amplifications
are occurring.
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Fig.7 Acoustic pressure time history at different locations; c: centerline and w: wall. (1) x=0.1,(2)x=0.2,(3)x=0.3,(4)x =04, (5) x = 0.5, (6) x =
0.6,(7)x=0.7,and (8) x = 0.8 for 2 = 107w and Re = 2 X 104, Note that the acoustic time scale is 0 to 4 (0 to 140 in the time scale used by Wang and

Kassoy7), and the scale for acoustic pressure is —5 to 5 in all of the figures.

Acoustic pressure data at downstream locations (stations 4-8 in
Fig. 7) reveal some additional features that have not been reported
previously. After the initial decrease in amplitude due to destruc-
tive interference, the amplitudes at all locations start to increase
with time. Then at some locations wave amplitudes quickly stop
amplifying and remain nearly constant, suggesting that extraction
of acoustic energy (to the mean) and viscous dissipation are oc-
curting. On the other hand, at other locations amplitudes start to
decrease again and eventually reach a value close to zero. When the
acoustic pressure amplitudes increase once again, they have under-
gone a phase change of 7 with respect to the phase of the signal at
early time. This can be seen by overlaying the data from locations
(6¢) and (6w) of Fig. 7, not included here for the sake of brevity.
This behavior of acoustic pressure waves suggests an interaction
between an axially traveling wave and another much stronger wave
that arrives after the axial wave and has an opposite phase with
respect to the axial wave. Based on theoretical results,” it may be
concluded that the alternating appearance of this behavior under

resonant conditions is caused by the interaction of axial with nearly
transverse waves. Unlike the Q = 40 case, transverse waves for
€ = 10 are excited and grow with time due to resonance. A pic-
torial representation of the instantaneous acoustic pressure fields
is presented in Figs. 8a—8d. The direction along which the pres-
sure gradient is a maximum is indicative of the instantaneous wave
structure as a result of axial and transverse mode interaction. Based
on a comparison of the present results with theory,” the following
observations may be made:

1) Present simulation shows that under resonant conditions sig-
nificant interaction between the nearly transverse and axial waves
only appears downstream, sufficiently far away from the disturbance
source probably because the waves need a certain amount of travel
distance and time to collect sufficient acoustic energy and settle into
nearly transverse waves.

2) From the analysis presented in Ref. 7, where the source ampli-
tude function is y dependent, it is evident that the magnitude of the
higher modes is of the same order as the axial mode and the effect
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of refraction of the axial mode is of lower order. This suggests that
the present results are dominated by the source structure.

Acoustic Boundary Layer

The existence of an acoustic boundary layer is another interesting
feature that arises naturally due to the acoustic mean fiow interaction.
It is a region close to the wall within which an overshoot of axial
acoustic velocity can be observed as depicted in Fig. 9. The mag-
nitude of the overshoot reaches a maximum value whenever the
axial acoustic velocity in the core changes sign. This phenomenon
is attributable to Richardson’s annular effect.®” The thickness of the
acoustic boundary layer § is given in Ref. 7 by

u 7
§=5 [yRec] (14)

This thickness, expressed as a fraction of the duct width, is defined
as the distance from the wall where the axial velocity reaches 97.3%
of the core value. Approximately eight grid points are present within
this boundary layer, a value that is sufficient to resolve the acoustic
boundary layer. In the present case, § = 5.6% is the predicted value.
Numerical solution in Figs. 9a-9d gives a thickness of 5.0-5.5%,
which is in good agreement with analytical prediction.

Summary and Conclusions

In the present paper, direct numerical simulation was performed
to study the effect of an acoustic disturbance source in the pres-
ence of a mean shear flow in a two-dimensional duct. Results show
good agreement with analytical predictions of Wang and Kassoy.”
Several interesting features associated with this problem have been
observed.

1) There exists a critical frequency above which oblique waves are
generated. The interaction between oblique waves and axially trav-
eling waves results in variation of amplitudes of acoustic pressure.

2) Amplified oblique waves that are nearly transverse due to reso-
nant disturbances are observed for the first time. The rate of amplifi-
cation of these waves is much higher than that of the axially traveling
waves. At certain locations of the domain, this strong nearly trans-
verse wave interacts with the axial wave, causing a dramatic change
in both wave amplitude and phase.

3) For resonant disturbances with several transversal spatial
modes, the growth rate varies significantly for different modes, be-
ing the highest for the first transverse mode.

4) The present simulation resolved the acoustic boundary layer
very well. The thickness estimated through numerical simulation is
in agreement with that predicted by theory.
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